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• Bosons: Phase-space methods

• What about fermions?

Big picture
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𝑊* ≺ 𝑊+ ? 

, uncertainty relations, majorization, …
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• Pauli‘s principle

• Anti-commutation relations  𝒂, 𝒂, = 𝕀, 𝒂, 𝒂 = 𝒂,, 𝒂, = 0

• Two-dimensional Hilbert space ℋ# = ⟩|0 , ⟩|1

• Finite mean particle numbers 𝑛 = 𝐓𝐫 𝝆𝒂,𝒂 ∈ 0,1

• Most general stateCahill ‘99

           𝝆 = 1 − 𝑛 𝒂𝒂, + 𝜆𝒂 + 𝜆∗𝒂, + 𝑛 𝒂,𝒂

   with 𝜆 ∈ ℂ, 𝜆 ≤ 𝑛 1 − 𝑛  s.t. 𝝆 ≥ 0

Single fermionic mode
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• Physical states should be invariant under 2𝜋 rotation (up to phase)Friis ‘16

                ⟩|0 	→ 	 ⟩|0

• Physical states = no superpositions

 𝝆 = 1 − 𝑛 𝒂,𝒂 + 𝑛 𝒂,𝒂

                  = .
.*/$

𝑒0𝒂%𝒂

   where ν = − 2
3

Physical states and Gaussianity

4

⟩|1 	→ 	− ⟩|1

= thermal Gaussian states

⟩|0 	

⟩|1 	
!
"𝕀 
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• Displacement operatorCahill ‘99

  𝑫 𝛼 = 𝑒𝒂%454∗𝒂

   with Grassmann-valued displacements 𝛼, 𝛼∗

   𝛼, 𝛼∗ = 𝛼, 𝛼 = 𝛼∗, 𝛼∗ = 0,        𝛼, 𝒂 = 𝛼, 𝒂, = 𝛼∗, 𝒂 = 𝛼∗, 𝒂, = 0	

• Fermionic coherent state
⟩|𝛼 = 𝑫 𝛼 ⟩|0

• Berezin integrals = differentiation

   ∫𝒟𝛼 𝛼𝛼∗ ≡ ∫d𝛼∗d𝛼	𝛼𝛼∗ = +1

Fermionic coherent states
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= 𝕀 + 𝒂,𝛼 − 𝛼∗𝒂 + .
#𝕀 − 𝒂

,𝒂 𝛼𝛼∗
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• Glauber-𝑃
  𝝆 = ∫𝒟𝛼 𝑃 𝛼 ⟩|𝜶 ⟨−𝜶| 

• Wigner-𝑊

  𝑊 𝛼 = ∫𝒟𝛽 𝑒46
∗564∗𝐓𝐫 𝝆𝑫 𝛼

• Husimi-𝑄

  𝑄 𝛼 = 𝛼 𝝆 −𝛼

• All normalized

              ∫𝒟𝛼 𝑃 𝛼 = ∫𝒟𝛼𝑊 𝛼 = ∫𝒟𝛼 𝑄 𝛼 = 𝐓𝐫 𝝆 = 1

Phase-space distributions
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→ 	 𝑃 𝛼 = − 𝑛 𝑒5
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• Elements of the Grassmann algebra = supernumbersdeWitt ‘92

   𝑧 = 𝑐+ + 𝑐.𝛼 + 𝑐#𝛼∗ + 𝑐7𝛼𝛼∗

• Properties

                 𝑧 ∈ ℝ	 ⇔ 𝑧8 ∈ ℝ

• Phase-space distributions

𝑃 𝛼 = − 𝑛 + 𝛼𝛼∗ 

𝑊 𝛼 = !
" − 𝑛 + 𝛼𝛼∗

𝑄 𝛼 = 1 − 𝑛 + 𝛼𝛼∗ 

Supernumbers
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𝑐9 ∈ ℂ

body 𝑧8 soul 𝑧:

𝑐+ 𝑐.𝛼 + 𝑐#𝛼∗ + 𝑐7𝛼𝛼∗ 

mainly dictated by body

, 	 𝑧. ≷ 𝑧# ⇔ 𝑧.,8 ≷ 𝑧#,8 , 	 ∫𝒟𝛼 𝑧 = 𝑐7   

• equal souls, different bodies

• ordered: 𝑄 𝛼 > 𝑊 𝛼 > 𝑃 𝛼 	 ∀𝛼

• definite sign: 𝑄 𝛼 ≥ 0, 𝑃 𝛼 ≤ 0 , 𝑊 𝛼 ⋛ 0 ⇔ 𝑛 ⋚ .
#
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• How ordered is a probability distribution?Marshall ‘11

Majorization theory
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• 𝑧.is majorized by 𝑧#, written as 𝑧. ≺ 𝑧#, if

       ∫𝒟𝛼 𝑓 𝑧. ≥ ∫𝒟𝛼 𝑓 𝑧#

   for all concave 𝑓: 	ℐ(𝑧8) → ℝ with 𝑓 0 = 0

• Phase-space majorization relations (subindex 𝑛 )

• Glauber-𝑃  𝑃. ≺ 𝑃 ≺ 𝑃+
• Wigner-𝑊 𝑊. ≺ 𝑊5 ≺ 𝑊./# ≺ 𝑊* ≺ 𝑊+

• Husimi-𝑄  𝑄. ≺ 𝑄 ≺ 𝑄+
   → Vacuum ⟩|0  is most ordered, excited state ⟩|1  most disordered

Majorization relations
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∫𝒟𝛼 𝑓 𝑃 ∉ ℝ 

Bosons

ü

û
𝑊* ≺ 𝑊+

Van Herstraeten ‘23 ?
𝑄 ≺ 𝑄+Lieb ‘14
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• Superfunctional 𝑓 𝑧  defined via Taylor seriesdeWitt ‘92

       𝑓 𝑧 = ∑<=+> !
.! 𝑓

< 𝑧8 	𝑧:
<

• For phase-space distributions: 𝑧:
< = 𝛼𝛼∗ < = 0 when 𝑗 > 1

        𝑓 𝑧 = 𝑓 𝑧8 + 𝑓′ 𝑧8 𝛼𝛼∗ 

   Remark: 𝑓′ exists almost everywhere by Rademacher‘s theorem for Lipschitz-concave 𝑓

   →	Concave averages simplify to ∫𝒟𝛼 𝑓 𝑧 = 𝑓′ 𝑧8

• Concavity ⇒ monotonicity of the derivative 𝑧.,8 ≤ 𝑧#,8 ⇒ 𝑓? 𝑧.,8 ≥ 𝑓? 𝑧#,8
 → 𝑧.,8 ≤ 𝑧#,8 ⇒ ∫𝒟𝛼 𝑓 𝑧. ≥ ∫𝒟𝛼 𝑓 𝑧#  

Proof
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∎
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• Covariance matrix

      𝛾<<? 𝑧 = !
"0∫𝒟𝛼 𝑧 𝛼 𝛼< , 𝛼<?

• Determinant

   det 𝛾 𝑧 = −𝑧8# 

• In phase space

• det 𝛾 𝑃 = − 𝑛 #

• det 𝛾 𝑊 = − !
" − 𝑛 #

• det 𝛾 𝑄 = − 1 − 𝑛 #

Second moments
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= 𝑧8(𝜎@)<<?

≥ −max 𝑧8# 

bounded below by uncertainty principle

≥ det 𝛾 𝑃. = −1

≥ det 𝛾 𝑊+,. = −.A
≥ det 𝛾 𝑄+ = −1
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• Rényi entropy of order 𝑟 ∈ (0,1) ∪ (1,∞)

      𝑆B 𝑧 = !
!)1 ln ∫𝒟𝛼 𝑧 𝛼 B

• Entropic uncertainty relations

      𝑆B 𝑧 ≥ 23 1
!)1 −max ln 𝑧8

• In phase space

• 𝑆B 𝑃 = 23 1
!)1 − ln 𝑛

• 𝑆B 𝑊 = 23 1
!)1 − ln

!
" − 𝑛

• 𝑆B 𝑄 = 23 1
!)1 − ln 1 − 𝑛

Entropies
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= CD B
.5B − ln 𝑧8

≥ 𝑆B 𝑃. = 23 1
!)1 

≥ 𝑆B 𝑄+ = 23 1
!)1 

≥ 𝑆B 𝑊+,. = 23 1
!)1 + ln 2 
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• All physical states are Gaussian

 → All types of relations are equivalent!

• Comparison

• Majorization       𝑧. ≺ 𝑧 ≺ 𝑧+

• Second moments −min 𝑧8# ≥ det 𝛾 𝑧 ≥ −max 𝑧8#

• Entropies 23 1
!)1 −min ln 𝑧8 ≥ 𝑆B 𝑧 ≥ 23 1

!)1 −max ln 𝑧8

Equivalences
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⇕   Variable transformation in Berezin integral

⇕   𝑆! 𝑧 = !" #
$%# −

$
& ln −det 𝛾 𝑧
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• Physical states = Gaussian

• Distributions = Supernumbers

     𝑧 𝛼 = k
− 𝑛

!
" − 𝑛
1 − 𝑛

+ 𝛼𝛼∗

Summary
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Information/majorizationPhase space

Glauber-𝑃
Wigner-𝑊
Husimi-𝑄

⟩|0 	
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!
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• Majorization relations

 𝑧6 ≺ 𝑧 ≺ 𝑧7
• Uncertainty relations
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• Quantum communication/computation with fermions?

• Jordan-Wigner transform: fermion = spin-"# system

 𝒂, = !
" 𝝈! + 𝑖𝝈@ , 𝒂 = !

" 𝝈! − 𝑖𝝈@  

• Quantum field theories → understand quantum phase transitionsDitsch ‘23  

Outlook
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→ understand Wigner negativity? 
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Thanks for your 
attention :)

16QLIC meets @ ULB, 09/04/2024 | Tobi Haas | Information and majorization theory in fermionic phase space



Backup
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• Comparison

Phase-space vs. quantum entropies
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• convex
• possibly negative
• possibly infinite
• 𝜕!𝑆! 𝑧 > 0

• concave
• non-negative
• usually finite
• 𝜕!𝑆! 𝑧 < 0
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